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1. A Lipschitz map T of a metric space X into another is a map such 
that for some k > 0, d(T(x), T(y)) < kd(x, y) for all x, y E X. The minimum 
of such k is called the norm of T and is denoted by 11 T 11 . Equivalently, 
,/ T ,, = sup WW T(Y)) 
X#Y 4GY) * 
It is clear that Lipschitz maps are uniformly continuous. A one-to-one map- 
ping T of metric spaces X onto Y is called a Lipschitx-equiwaknce if T and T-l 
are both Lipschitz maps. 
For 1 < p < co, 2, is the Banach space of all p-summable real sequences 
with norm II x/I, = (La1 I xi I ) P l/P. The Hilbert cube Q and the space s are 
defined respectively as subsets of 1, consisting of all points x = (x1 , x2 ,...) 
such that - l/i < xI < l/i and - 1 /z’ < xi < l/i. For any space X, let 
H(X) denote the group of all homeomorphisms of X onto X. A uniform 
homeomorphism h is a homeomorphism such that h and h-l are both uniformly 
continuous. 
We state our main results in the following: 
THEOREM 1. Let X = 1, for some 1 < p < co and let h E H(X). Then (a) 
JOY any closed subset K satisfying property Z in X, there is a g E H(X) such that 
the conjugating homeomorphism 
h* =&g-l Im 
ofg(K) onto g(h(K)) is a Lipschitz-equivalence of norms /I h* II9 , /) h*-lI]) < 2 
and (b) if X = I, , then h* can be extended to a Lipschitz-equivalence h of I, 
onto 1, with // h iI2 , 11 h-1 II2 < 9. 
(Proof of this Theorem is given in Section 3.) 
A subset K of a space X satisfies property 2 in X (Anderson [4]) if for any 
non-empty homotopically trivial open subset U of X, U\K is nonnull and 
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homotopically trivial. It is clear that property Z is a topological property and 
Theorem 1 should be considered along with the following known results. 
PROPOSITION 1. (a) A closed subset K of 1, has property Z ;f and only ;f 
there is a g E H(X) such that g(K) is contained in a closed subspace of infinite- 
deficiency (or injnite-codimension). 
Let F be a separable infinite-dimensional Frechet space, then 
(b) Any compact subset of F satisfies property Z. 
(c) If K is a closed set satisfying property Z in F, then any subset K’ (closed 
or not) of K also satisfies property Z in F. 
Cd) If 4 > & > are closed sets with property Z in F, then KI u K, also 
satisfies property Z. 
For proof of these and related results and for further references see [l, 2,4 
and 111. 
It is known that any separable infinite-dimensional Frechet space is 
homeomorphism to s [2, 7, IO]. In this paper the following result of property 
2 is essential. 
PROPOSITION 2. (Anderson [4]). Let KI , K, be two homeomorphic closed 
subsets of a separable infinite-dimensional Frechet space X. If KI , K, have 
property Z in X, then any homeomorphism h of KI onto K, can be extended to 
an I% E H(X). 
Let N be the set of integers. For a space X, the shifting-homeomorphism CD 
on XW = nioN Xi (Xi = X) is defined by 
where 
@( . . . . xel ) x0 ) x1 )...) = (..., x:1 , x0’, Xl’)...) 
and 
xi ) Xi’ E xi 
I 
xi = Xii-l, for all i. 
THEOREM 2. Let F be a separable infinite-dimensional Frechet space and let 
K and K’ be homeomorphic closed subsets of Fw. If K and K’ have property Z 
in Fm, then for any homeomorphism h of K onto K’, there is an p E H(FU) such 
that 
$W L(K) = @ L(K) 
where @ is the shifting-homeomorphism on FW. 
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A similar result of Theorem 2 is proven in [19] for the space s. Theorem 2 
can also be applied to the study of Fw when F is a finite-dimensional Frechet 
space. In that case we simply observe that Fw is homeomorphic to (F,)w for 
some infinite-dimensional Frechet space FI . 
Proof. Let PO = ... X p-, X p-, X F,, X p, X p, X ..*, where pi is the 
zero of Fi . Since Fw is homeomorphic to F [2], by Proposition 2 there is a 
g, E H(Fw) such that g(K u K’) Cp,, and satisfies property 2 in PO . Denote 
g,(K) by K1 and g,(K’) by K,‘. Then h, = g,hg;’ jK1 is a homeomorphism of 
Ki onto K,‘. By Proposition 2 there is a h”, E H(1”,) such that h”, lK, = h, . 
Define g, E H(FW) by 
g2(-*, x-1, x0 3 Xl, ***I 
= (.-, x- 2 + g2(X,), x-1 + &'(xo), GJ 1 Xl + &(x0), x2 +- &;"(~o),***,. 
Let p = gzg, . Then &.-l JLLtK) is a homeomorphism of p(K) onto p(KI). 
A simple verification that $+-l lutK) = Sp lrrcK) completes the proof of 
Theorem 2. 
THEOREM 3. Any homeomorphism between two compact subsets of 1, can be 
extended to a uniform homeomorphisms of l2 onto itself. 
(The proof is given in Section 4.) 
The analogue result for the space s has been shown by Anderson [l]. The 
above result is a theorem of Klee [15] without the condition of uniformity. 
Some open questions are raised at the last section. 
2. COROLLARY 1. Let X, Y be closed subspaces of a separable complete 
metric space and let g be a homeomorphism of X onto Y. Then for any 
1 < p < CO, there is a homeomorphism TV of X v Y into 1, such that p(X u Y) 
is closed in 1, and the induced homeomorphism 
of p(X) onto p(Y) is a Lipschitx equivalence of norms jj G 11 , 1) G-l I! < 2. 
Proof. X v Y is complete, hence is an absolute G, , Since 1, contains 
copies of the Hilbert cube, there is an imbedding pi of X u Y into Z, such that 
A = cl(p(X u Y)) is compact. pi(X u Y) is a G8 in A, hence 
A’ = A\&X u Y) is a countable union of compact sets. By [l, 21 there is a 
homeomorphism p2 of &\A onto 1, . Then p2pl(X u Y) is closed in Z, . We 
require pzpl(X u Y) to have property 2 in 1, . (This can be easily achieved 
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since we may define our imbeddings of X u Y into 0 x 1, of 1, x 1, which is 
isometric to 1, .) Let X’ = p2,u1(X) and Y’ = pLzpl( Y). Let 
be the induced homeomorphism. By Theorem 1 there is an pa E H(1,) such 
that the induced homeomorphism G = pa,gipil l,,(x,) is a Lipschitz-equiv- 
alence with norms 11 G 11 , /I G-1 I/ < 2. Let p = ~s~a~r . A simple verification 
that G = r.LgcL-l J,,(r) completes the proof of the corollary. 
COROLLARY 2. Given any two homeomorphic closed subsets KI , K, of 1, , 
1 < p < 00, ;f KI , KS satisfy property 2, then there is a homeomorphism TV 
of 1, onto lp such that p(K,) and p(K,) are Lipschitz equivalent. 
COROLLARY 3. Let X be a separable complete metric space and let f E H(X). 
Then for any separable infinite-dimensional Frechet space F, there is a homeo- 
morphism TV of X into a compact subset Y of F such that cl(t~(X)) = Y and the 
induced homeomorphism f ’ = CLfcL-l Iu cx) extends to a homeomorphism of Y 
onto Y. 
Proof. It is shown in [19] that there is an imbedding pL1 of X into s C Q 
such that the induced homeomorphism pr fp;l IUu,(r) extends to a homeo- 
morphism of Q onto Q. (This fact can be proved in exactly the way as Theo- 
rem 2.) Now let pa be any imbedding of Q into F. Then for p = pap1 and 
Y = cl(p(X)) C pz(Q), CL, Y have the desired properties. 
3. To prove Theorem 1, we need the following lemmas. 
LEMMA 1. Let K be a proper closed set and let U be a nonempty open set of 
an infinite-dimensional separable normed linear space E. Then there is an 
f E H(E) such that f (K) C U. 
Proof. We may assume 0 $ K. Let B be a closed ball of radius Y about 0 
such that (1) B n K = ,D’ and (2) for some a E E, a + BC U. By [12] or [14] 
there is an homeomorphism fi of E onto E\O such that fi(x) = x for all 
II x II 2 r* Let fi E H(E\O) be defined by fi(x) = r2x/jj x 112. Then 
g = f ;‘fifi E H(E) and g(K) C Int B. Now let f be the homeomorphism on E 
that takes x E E to g(x) + a. f is the desired homeomorphism. 
LEMMA 2. Let B, denote the r-ball of 1, , 1 < p < co, and let KI , K, be 
two homeomorphic losed subsets of E contained in Int B, and each satisfies 
property 2. Then any homeomorphism h of KI onto KI can be extended to a 
homeomorphism of E onto E which is the identity on E\Int. B. 
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Proof. Let K = Ki u Kz . Without loss of generality, we assume 
B, = B, and KC B+ , By Klee [13] there is a homeomorphism g, of B, 
onto Z, x Z, . Since K has property 2, we may require g,(K) C 0 x Z, and 
has property Z in 0 x I, . Now let K’ = g;l(O x 1,). Then KC K’ and K 
is closed and has property 2 in Z, . Let g, be a homeomorphism of Int B, 
onto s’ = s x [0, l] (This can be achieved since Int B, G Z, s s s s x [0, 11, 
where “E” means “homeomorphic to”. For further reference see [1, 2, 151.) 
s x 1 is closed and has property Z in s’. By Proposition 2 there is a g, E H(s’) 
such that g,(g,(K’)) = s x 1. Let g = gsgg, . Since g(Int B,) is open and con- 
tains s x 1, there is an 0 < t < 1 such that s x [t, l] Cg(lnt B,). Let 
h’ = g&-l lg(~,) . g(K) has property 2 in g(K’) = s x 1. Thus there is 
h,’ E H(s x 1) such that h,’ lslK,) = h’. By the isotopy theorem in [18] h, 
can be extended to a h* E H(s’) such that h* /sXl,,tl = identity. Now let 
T = g-%*g. T is an extension of h such that T is the identity on B, . We 
then assume T to be defined on the entire I, by taking the identity outside of 
B 1’ 
Proof of Theorem I. (a) Define a norm in 1, x Z, x I, by 
It is clear there is an isometry of (Zp , jl 11,) onto (& x Z, x I, , // II). So we may 
replace 1, by 1, x 1, x 1, . By Proposition 2 there is a g, E H(1, x 1, x 1,) 
such that g,(K U K’) C 1, x 0 x 0 where K’ = h(K) and g,(K u K’) satis- 
fies property 2 in 1, x 0 x 0. Let Kr = g,(K) and K,’ = g,(p). By Lemma 1 
there is a g, E H(Z, x I, x 1,) such that g,(K, U K,‘) C Int B, x 0 x 0 
where B, is the unit ball in Z, . Let h’ = (g& h(g&-l 1 (8281) tK . h’ is a homeo- 
morphism of K, = gag,(K) onto K,’ = gsgl(K’). By Lemma 2 h’ can be 
extended to an h, E G(Z, x 0 x 0) such that h, is the identity outside of 
B, x 0 x 0. 
Defineamaph:Z,xOxO-+B,xOxOby 
h(% ($0) = (& 9 0,O) if llxlll,b 1 
and 
= (x, f&O) if II 41, < 1. 
Next we consider an infinite sequence {Ni}~~m__m such that (1) each Ni is 
an infinite subset of the set of natural numbe;$‘N+, (2) N4’s are mutually 
disjoint and (3) u 1~1 >1 Ni = N#. Let (ai}lil a1 be a fixed sequence of functions 
such that 0~~ is a one-to-one mapping of N# onto N,i . For each 
y = (yl , ya ,...) E Z, , let y(“) = (yk)lceN1 and write each (x, y, x) E I, x Z, x I, 
as 
(X,Y@), 4lil>l = , , (x )..., y(-2’ y(-l), y(l) y(2) ,a*., z). 
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Define a 
g, : 1, x I, x 1, -+ lp x 1, x 1, 
bY 
where 
g,(x, Y, 4 = (x, Y + f, 4 
with hIi being the i-iterate of h, and the point 
Ah,yx) = (tl ) t, ,...) E 1, 
is written as (s~J~) , s,,(a) ,...) with t, = s+) . Thus 
y + f = y’i’ + wg 
( ) Id>1 . 
It is clear that 5 E 1, and g, is a homeomorphism of 1, x 1, x 1, onto itself. 
Let Ks = gs(Ka), Ka’ = g,(K,‘) and let h* = g,h,g;l IK, . We claim that 
h* is a Lipschitz-equivalence between K3 and K3’ with I/ h* 11 , 11 h*-1 I/ < 2. 
To this end, let (x, $, 0), (y, 9, 0) E K3 and compute 
II h*(x> 2, 0) - h*(y, 3, W” = IlM4, h%> - (h,(y), h~Nllp 
= II hd4 - hdr)llE 
h?‘(x) - hi+‘(y)ll; 
= iim (&&-,, II hi(x) - hi(y)ll; 
< 2” -f (A,” II hi(x) - hi(.Hl; 
ix--m 
= P 11(x, %O> - (Y, 97 ml”. 
Therefore I( h* I/ ,< 2. Similarly I/ h*-1 I/ < 2. Finally, let g = gsgagI . A 
simple verification that h * = ghg-1 IK3 completes the proof of (a). 
(b) Following (a), K3 u K3’ C 1, x l2 x 0. Let Z’,, be an isometry of 1, x 1, 
onto I, and define T E H(Z, x Z, x 1,) by T(x, y, z) = (T;l(x), T&x, y)). 
Then Th* is a Lipschitz equivalence of K3 onto T(K,‘) with 11 Th* jj < 2. 
Regarding I, x I, x 0 as I, x 1, , by [17], Th* can be extended to a Lipschitz 
map Tl of Z2 x Z2 into Za such that /I Tl I/ < 2. Similarly there is a Lipschitz 
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map T2 of Za into I, x l2 such that T, jr(x,,) = (Th*)-l and 11 T, 11 < 2. 
Define fi , fi E H(Z, x 1, x I,) by 
fib Y, 4 = (x, Y> x + T,b, Y)) 
and 
fit% Y? 4 = KT Y) + T&4,4. 
By a simple computation we have I/ fi 11 , IIf;’ /I , 11 fi /I , 11 f;’ 11 < 3. Let 
I% = T-lf ;‘fi . Thus R extends h* on K3 . Finally 
ll&cY9 4 - 4X9YY 411 < llf,%(?Y> 4 -f?fl(~‘,Y’, 01 
< 32 I@, Y, 4 - (x’, Y’, z’)ll - 
Hence II h” // < 9. Similarly, /I h”-l /I < 9 and this completes the proof of the 
theorem. 
4. The proof of Theorem 3 is based on the following lemmas. 
Lemma 3 is a rather useful criterion which provides convergence of a 
sequence of functions in a complete metric space. Before we state the lemma, 
we define for functions f, g from one metric space (X, d) into another (Y, d’) 
and for E > 0, 
and 
4f, ~1 = in@‘(f (4,f (34) I 4x, Y) > 4 
4f3‘44 = suPCd'(f(xh&N I x E-Q 
LEMMA 3. Let (X, d) b e a complete metric space. Suppose { fn} is a sequence 
of functions from X into X satisfying the inductive condition 
Then 
(a) if each fn E H(X), then f = lim,>,f, exists and f E H(X); 
(b) if each fn is a uniform homeomorphism of X onto X, then f = lim,>, f, 
exists and is a uniform homeomorphism of X onto X. 
The proof of the lemma is a straightforward application of condition (A) 
and will be omitted. 
LEMMA 4. Let K be a compact convex subset of 1, . Then the nearest point 
mapping p of 1, into K is a Lipschitz-map of norm I/ p j/ < 1. 
(p is the nearest point mapping of I, into K if I/ x - $(%)[I = inf,&l x - y // .) 
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Proof. It is known that p exists and is continuous. To show that p is 
Lipschitz and has norm < 1, suppose X, y are distinct points of 1, . Let 
xi = p(x), y1 = p(y). It is clear we may assume x1 # yr . Let L be the 
straight line containing x1 and yi . By a simple translation (which is an iso- 
metry) we may assume x1 = 0 and L is a one-dimensional subspace of 1,. 
Let E be the subspace spanned by L and L, , where L, is the one-dimensional 
subspace of the form {(x, 0, O,...)}. Let E’ be the orthogonal complement of E. 
Since E is a Hilbert space of dimension < 2, there is a linear isometry (a 
rotation) 0 of E onto E such that B(L) = L, . Now define, for each 
x = x1 + x2 E l2 , x1 E E, x2 E E’, 
e,(x) = 8(x,) + x2 . 
Clearly 8’ is an isometry. Thus @(xi) = (0, 0 ,..,) and e’(yr) = (a, 0 ,... ). 
Assume a > 0. Let n1 be the projection of I, into its first coordinate. Since 
{(x, 0, O,...) 1 0 < x < a} C 0’(K), by the definition of nearest point, 
rrl(O’(x)) < 0 and n@‘(y)) 2 u and SO u \( I/ e’(x) - e’(y)il . Thus 
lip(x) -p(y)// = a < 11 e’(x) - el(y)ll = Ij x -y // and the lemma is proved. 
COROLLARY 4. Let K be a compact subset of I, and let V be any locally 
convex Hausdorff Topological Vector Space. Then any map h of K into V can be 
extended to a uniform continuous junction h’ of 1, into V such that the image 
h’(1.J is contained in the closed convex hull of h(K). 
Proof. By Dugundji’s theorem h can be extended to a h, of KI (= closed 
convex hull (K)) into V such that h,(K,) C M = closed convex hull of h(K). 
h, is uniformly continuous. Let p be the nearest point mapping of 1, onto KI 
and let h’ = h,p. 
LEMMA 5. Let K be a compact subset of 1, x lz such that the projection aI 
of K into 1, x 0 is one-one. Then there is a uniform homeomorphism h of le x 1, 
onto itself such that 
h In,(x) = 6’ lIrlm . 
Proof. Let z~a be the projection of K into 0 x 1s . Thus 7rs~;c’ is a mapping 
of nl(K) into 0 x Is . By Corollary 4, rrsrr;’ can be extended to a uniformly 
continuous function T of la x 0 into 0 x l2 . Define h(x, y) = (x, y + T(x)). 
h is the desired function. 
Proof of Theorem 3. Let K, K’ be compact subsets of la and let h be a 
homeomorphism of K onto K’. Since l2 is linearly isometric to l2 x la , we 
may assume l2 is 1, x 1, and write each point (x, y) as ((xJiEN1 , (yJisNp) 
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where N1 n Na = 0 and Nr u Na = the set of natural numbers. For each 
(Y C N1 u Na , define the projection P, by 
By a method of V. Klee [I l] ( a so 1 used by Anderson [l-3.5]) and the com- 
pactness of K, for each i E Na and any E > 0, there is an infinite subset Mi 
of N1 and a uniform homeomorphism fi of Z2 x Za onto itself such that (a) 
for each point (x, y) E Ia x I, , fi h c an g es only those coordinate indices in 
Mi; (b) h(fi , id) < E; and (c) if (x, y), (x’, y’) E K and Pi(x, y) # P$(x’, y’), 
then PIM fi(x, y) # P&.fi(x’, y’). Thus by induction we define two sequences 
WihsN, ‘and {fi>isNa sitisfying (1) Mi’s are mutually disjoint infinite subsets 
of N,; (2) each fi is a uniform homeomorphism of 1, x I, onto itself and for 
any point (x, y), fi changes only those coordinate indices in Md; (3) if 
(x, y), (x’, y’) E K and Pi(x, y) f Pi(x’, Y’), then P,&fi(x, Y) # Pi.f&‘, Y’); 
and (4) { fi} satisfies the inductive condition (A) of Lemma 3 in this section. 
Let f(x) = limia, fi(x). Then f is a uniform homeomorphism of Zz x I, 
onto itself. We claim that PN, lftK) is l-l. To see this suppose (x, y), (x’, y’) 
are distinct points of K. If for some i EN, , Pi(x, y) # Pi(x’, y’), then 
PMifi(x, Y> # J’hdfdx’, Y’>. BY (2) PMif 6, Y) # pMif (x’, Y’> and we are 
through. So suppose for all i E N, , Pi(x, y) = Pi(x’, y’). Thus 
PN1(x, y) # PN1(x’, Y’). If for SOme i E N,\U,a1 Mi , f’i(x, Y) -$ f’i(x’, Y’), 
again we are through. So suppose Pii(x, y) # P&x’, y’) for some i. By (2) 
PGifi(x, y> # PMifi(x’, Y’)- Hence PNlf (x, Y> f Pyl(x’, Y’) and the proof 
of the claim is complete. By Lemma 5 of this section there is a uniform 
homeomorphism g, of I, x Za onto itself such that g,(f(K)) C I, x 0. Thus 
h, =g,f is a uniform homeomorphism of Za x I, onto itself that carries K 
into Za X 0. 
Similarly there is a uniform homeomorphism of Ia x Za onto itself that 
carries K’ into 0 X I,. Let Kl = h,(K) and K,’ = h,(K) and let 
h’ = h,hh;1 lh#) . By Lemma 5 there are uniform homeomorphisms T1 , 
T2 of 1, x Za onto itself such that Tr(x, 0) = (x, h’(x)) and 
T,(O, y) = @‘-l(y), y) for any (x, 0) E h,(K) and (0, y) E h’(h,(K)). Thus 
T = T;lT, extends h’. Let R = h;‘Th, . R is the desired extension of h. 
5. (Questions). (1) Does Theorem l(b) also apply to all 1, , 
l<p<co? 
(2) Let K be a closed subset of Ia and let f be a uniformly continuous 
function of K into the real. Does f have a uniformly continuous extension 
onto 1, ? What about the case for Z, , 1 < p < 00 ? (In the I, case, it is known 
to be true for Lipschitz map, see [6], or [16-2.21.) 
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(3) Let K1 , K, be closed sets with property Z in 1, and letf be a Lipschitz- 
equivalence of K~ onto K2 . Can f b e extended to a Lipschitz equivalence 
(or even a uniform homeomorphism) of I, onto I,? 
(4) Does there exist a uniformly continuous retraction of 1, onto K ? 
(It is known that a continuous retraction exists, for further reference, see 
Fan and Glicksberg [S]). 
(5) Does a homeomorphism between two compact subsets of Z, 
(1 < p < CO) always extend to a uniform homeomorphism of Z, onto Z, ? 
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